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Abstract 

For a two-parameter family of Jacobi matrices exhibiting first-order 
spectral phase transitions, we prove discreteness of the spectrum in 
the positive real axis when the parameters are in one of the transition 
boundaries. To this end we develop a method for obtaining uniform 
asymptotics, with respect to the spectral parameter, of the generalized 
eigenvectors. Our technique can be applied to a wide range of Jacobi 
matrices. 
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1. Introduction 



In the Hilbert space ^(N), consider the operator J whose matrix represen- 
tation with respect to the canonical basis in ^(N) is the Jacobi matrix 
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where {&„}5^i C R + and {g n }£°=i C R (see [21 Sec. 47] for the definition of the 
matrix representation of an unbounded symmetric operator). 

The spectral properties of the Jacobi operator J are related with the asymp- 
totic behavior of the solutions of the following second order difference system 



&n-i/n-i(A) + g n /n(A) + b n f n+1 (X) = A/„(A) , n > 1 , A e 
If a solution {/n(A)}^=i of (jl.2p also satisfies 

9i/i(A) + 6i/ 2 (A) = A/i(A) 



(1.2) 



1.3) 



then it is a generalized eigenvector of J. If, additionally, it turns out that 
{/n(A)}£Li is in ^(N), then this solution is an eigenvector of J* and A is its corre- 
sponding eigenvalue. The generalized eigenvector obtained by setting /i(A) = 1 
is the sequence of so-called polynomials of the first kind associated to the Jacobi 
operator J [1, Sec. 2.1 Chap. 1]. 

In this work we present a method for finding asymptotic expansions of so- 
lutions of (11.21) as n — > oo which gives conditions for a uniform, with respect to 
A, estimate of the asymptotic remainder. This uniform asymptotic method is 
the main result of the present work. 

In the asymptotic analysis of the solutions of (11.21) . the question on unifor- 
mity with respect to A is particularly subtle and difficult. At the same time 
this question arises in various applications and has been addressed before. A 
uniform asymptotic analysis for differential equations was carried out in [3], 
while the case of difference equations was treated in [26]. The results in [3] 
and [26] were obtained by extending to the uniform case Levinson type theo- 
rems for systems of differential equations [7] HP] and difference equations [5|[T6]. 
respectively. 

The uniform generalizations of Levinson type theorems for differential and 
difference linear systems cannot be applied when the systems are in the so- 
called "double root" case (see [H]). For difference equations, the double root 
case corresponds to the product of transfer matrices tending to a Jordan box. 
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It turns out that ( 11.2jl is in the double root case whenever the corresponding 
Jacobi operator exhibits first-order spectral phase transitions. An operator 
is said to present first-order spectral phase transition when, by variations of 
parameters (phases), the spectrum of the operator changes from absolutely 
continuous spectrum to discrete spectrum or vice versa (cf. [H [T7J [28] ). It is 
well known that the asymptotic analysis of solutions of difference and differential 
equations becomes elusive and complex in the double root case, the more so 
when we have an equation in the presence of a parameter, as (II. 2p . Our uniform 
asymptotic approach has been concocted precisely for difference equations in 
the double root case. 

The asymptotic method proposed here is based on an asymptotic technique 
due to Kelley [21] and further developed by J. Janas [15]. The majorant- 
minorant technique of plj allows the asymptotic analysis of difference equations 
in the double root case by making use of sequences estimating solutions of a 
Riccati-like difference equation derived from (11.21) . We extend this approach to 
consider the parametric difference equation (11.21) and establish conditions for 
uniform, with respect to the spectral parameter A, asymptotic behavior of the 
solutions. We want to comment that we could not find an analogue for our uni- 
form asymptotic method in the theory of differential equations. Remarkably, 
other methods for asymptotic analysis of solutions of difference equations were 
adapted from methods in the theory of differential equations, in particular all 
Levinson type theorems. 

The uniform asymptotics of solutions of linear differential systems depending 
on a parameter was used in [I] for the spectral analysis of differential opera- 
tors. In [27] , the uniform asymptotic behavior of the generalized eigenvectors is 
pivotal in the proof of discreteness of the spectrum for a class of Jacobi matri- 
ces. In fact, the spectral analysis of operators is closely related to the uniform 
asymptotic analysis of the solutions of (11.21) . Indeed, having a pointwise in A 
asymptotics of the the solutions of (11.21) . one can determine, by Subordinacy 
theory [13, 122] . the different parts of the spectrum: absolutely continuous, sin- 
gular continuous, and pure point. If one, furthermore, has uniform estimates of 
the asymptotic remainder, it is also possible to determine existence or absence of 
accumulation points in intervals of the pure point part of the spectrum. More- 
over, the uniform asymptotic behavior of generalized eigenvectors may be used 
to obtain estimates for the rate of accumulation of eigenvalues at the boundaries 
of the pure point spectrum. We plan to address this last topic in a forthcoming 
paper. It is worth noting that uniform asymptotics of generalized eigenvectors 
is useful not only for analysis of the pure point spectrum, but for other parts 
as well [1]. 

When the asymptotic behavior of the generalized eigenvectors exhibits cer- 
tain uniformity with respect to the spectral parameter, one may rule out accu- 
mulation points in the pure point part of the spectrum by recurring to ideas 
in [T21 E]. This was the approach in [27J for establishing discreteness of the 



2 



spectrum. 

Surely there are methods for proving discreteness of the spectrum which do 
not use uniform asymptotic analysis of the generalized eigenvectors. One can 
use for instance perturbation theory, primarily Weyl theorem [20] , and analysis 
of the behavior of the operator's quadratic form. However these "classical" 
methods cannot be implemented in many cases: on the one hand perturbation 
methods are not so useful when the unperturbed operator has a complicated 
form, on the other hand, if there are lacunae of pure point spectrum in the 
continuous spectrum the quadratic form techniques become very difficult to 
apply, specially when we have more than one lacuna. The uniform asymptotic 
approach for ruling out accumulation points in the pure point spectrum is local 
with respect to the spectral parameter. This makes the existence of various 
lacunae irrelevant for the applicability of the method. 

The uniform asymptotic method proposed here is introduced by applying 
it to (11.21) with particular sequences {b n }™ =l and {q n }^Lv We choose a class 
of Jacobi matrices so that (11.21) is in the double root case, which implies that 
the uniform asymptotic analysis cannot be carried out on the basis of uniform 
Levinson type theorems. In spite of the fact the we apply our method to a 
particular example, it will be clear from what follows that our approach has a 
general character and may be applied in critical hyperbolic cases whenever the 
transfer matrix entries admit an asymptotic expansion in fractional powers of 
1/n. Here, as usually in the context of differential and difference equations, the 
hyperbolic case implies the existence of increasing and decreasing solutions. 

Let us briefly outline, step by step, the method for the uniform asymptotic 
analysis of (11. 2p . 

1. Poincare type equations. From the difference equation (11.21) . we obtain 
two Poincare type equations with smooth, with respect to n, coefficients 
(see ( 12. 8 p and (12. 9p below). This step is straightforward, however we 
should remark that, in our case, the requirement for the Poincare coeffi- 
cients to be smooth yields a system of two second-order difference equa- 
tions (cf. [I8J[2S]). The asymptotic analysis of (II. 2p is carried out through 
the analysis of one of the obtained Poincare type equations since the 
asymptotic behavior of the solutions of one equation determines straight- 
forwardly the asymptotic behavior of the other. 

2. Riccati difference equation. We derive a Riccati difference equation 
(see ( 12.141) below) from one of the Poincare type equations. This is done 
by a change of variable as in [21] which is a particular realization of the so- 
called Riccati transformations (cf. [HI Sec. 7.2]). These transformations 
are well known in the continuous case (cf. [231 Sec. 6.1]). 

3. Formal asymptotic expansion. We give an iterative procedure that 
provides the heuristic for obtaining a formal asymptotic expansion of two 
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solutions {X^(A)} of ( 12. 14ft . This step is an important component of the 
method since the next steps are based on the formal asymptotics found 
here. 

4. Uniform majorant and minorant sequences. By the introduction 
of a new parameter in one term of the formal asymptotic expansions of 
{X^(\)}, we explicitly construct new parametrized sequences. Then we 
give conditions on the parameters so that the parametrized sequences 
serve as majorant and minorant sequences satisfying the hypothesis of 
Propositions 12.11 and 12.21 All this works under the requirement that the 
terms of the asymptotic expansion of the Poincare coefficients, up to a 
certain order, are "differentiable" with respect to n. Thus, in this step we 
also obtain how precise our calculations for the asymptotic expansion of 
the Poincare coefficients should be. 

5. Uniform asymptotics of solutions of the Riccati equation. Using 
the majorant and minorant sequences found in the previous step, we ob- 
tain uniform estimating sequences for {X^(A)} by applying the straight- 
forward generalizations of Kelley's theorems, namely Propositions 12. II and 
12.21 The uniform estimating sequences allow us to prove the asymptotic 
formulae for {X^(X)} with a uniform estimate of the asymptotic remain- 
der. 

6. Uniform asymptotics of the solutions of the generalized eigen- 
vectors. From the uniform asymptotic formulae for {X^(X)}, we obtain 
the uniform asymptotic behavior of a pair of solutions of the Poincare 
equation (12. 8p . With this information we found the uniform asymptotic 
expansion of two linearly independent solutions of (11.21) . 

Having the asymptotics of the solutions of (II. 2p . we make use of Subordinacy 
theory to prove pure point spectrum on M. + . Then, on the basis of the uniform 
asymptotics of the generalized eigenvectors, and their smoothness with respect 
to A, we show that there are no accumulation points in the pure point part of 
the spectrum, excluding its boundaries. This fact is proven by the technique 
used in [27]. 

We stress the fact that, for the class of Jacobi matrices discussed here, the 
classical methods for proving discreteness of the spectrum mentioned above 
have proven somehow difficult to apply because of the form of the unperturbed 
operator. It is also worth remarking that the spectral analysis of operators 
associated with these matrices may be relevant in itself. Our conclusions here 
shed light on the spectral properties of a two-parameter family of Jacobi oper- 
ators exhibiting a first-order spectral phase transition. We prove discreteness 
of the spectrum in the positive real axis when the parameters are in one of the 
transition boundaries. 
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The paper is organized as follows. In Section [2] we lay down the nota- 
tion, introduce the two-parameter family of Jacobi operators, and present some 
preparatory facts. Here we take the first two steps of the outline above. Sec- 
tion [3] presents step 3. In Section 0] we carry out steps 4 and 5. Section [5] 
contains step 6. In Section [6] we give the spectral characterization of the class 
of Jacobi operators under consideration. Finally, the details of calculations for 
the asymptotic of some concrete sequences can be found in the Appendix. 

2. Preliminaries 

In this section we introduce the notation, a two-parameter family of Jacobi 
operators, and some preliminary facts. In particular, we present the main differ- 
ence equations whose asymptotic analysis is carried out in subsequent sections. 

Notation. 1. Throughout this paper a sequence of numbers, depending on 
a real parameter A and enumerated from some N G N, will be denoted 
by {fl , n(A)}^ = j V . In general, N plays no role in a discussion focused on the 
asymptotic behavior of {<?n(^)K£L./v as n ~* 00 • Nevertheless, since our 
goal are asymptotic expansions of {gn(^)}n°=Ni uniform with respect to A, 
we should watch over N and its possible dependence on A. Having said 
this, we shall sometimes write {g n (X}} instead of {<7n(A) , whenever 
no confusion is likely to arise. 

2. Along with the standard notation of number sets, N, M, we use K + to 
denote the set of real numbers greater than zero. 

3. Consider a set / C E, a sequence {g n (X}}, depending on a real parameter 
A, and a sequence {h n } of real numbers. We shall say that 

#n(A) = Oi{h n ) as n — ► oo 

if there exists a constant C > and N G N such that 

sup |g n (A)| < C \h n \ , n>N. 
xei 

4. Clearly, in the previous item, the constants iV and C are supposed not to 
depend on A G /. There and in the sequel auxiliary constants are assumed 
to be independent of A, unless we indicate the dependency explicitly. 

5. Let I C R, {gn(A)} be a sequence depending on a real parameter A, and 
{hn} be a sequence of real numbers. If for any e > there exists JVgN 
such that 

\K\ 
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then we say that 



g n (X) = oj(h r 



as n 



oo . 



Let us now introduce the class of operators for which we provide a uniform 
asymptotic analysis of the generalized eigenvectors. 

In the Hilbert space ^(N), we define the Jacobi operator J as the one whose 
matrix representation with respect to the canonical basis in ^(N) is (II. ip (we 
refer to [2], Sec. 47] for a discussion on matrix representation of unbounded 
symmetric operators), where the sequences {6 n }neN and {q n }neN are defined by 



b ■= n a r 
C2n-1 = c l > 



q n := n 

C2n — C2 , 



n E N, 

Cl ,c 2 ei\{0} 



(2.1) 



with 



a e (1/3,1/2). 



(2.2) 



This particular choice of a is made for simplifying some calculations. We could 
have take < a < 1, but then the derivations of some asymptotic formulae 
would have been hindered by algebraic technicalities by no means important 
for our considerations. 

Allowing Ci, C2 to vary through R \ {0}, one obtains a two-parameter family 
of Jacobi operators J = J(cx, 02)- Due to the Carleman criterion [6, Thm. 1.3 
Chap. 7], (12. ip implies that J is self-adjoint for any ci, c 2 Gl \ {0}. 

As it was shown in [28] for the case a = 1, one can immediately conclude, 
on the basis of results on periodically modulated Jacobi matrices [18], that J 
exhibits a first-order spectral phase transition for all a G (0,1]. There is a 



region, 



C1C2 



< 2, where the spectrum of J, henceforth denoted by cr(J), 
is purely absolutely continuous and it covers the whole real line. In the region 
> 2 the spectrum is discrete, that is, cr(J) = (Tdisc(J) ( see Figured]). 



c?+c|-l 



C1C2 




a(J) = a disc (J) 



cr(J) = (7a.c(J) 



Figure 1: Phase space 
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The symmetry of Figure Q] obeys the existence of unitary mappings that 
transform J symmetrically for one quadrant of the plane (ci, c 2 ) to another (see 
[29j Lem. 1.6]). Thus, the study of the interplay between the spectral properties 
of J and the coefficients c\, c 2 can be constrained to the case 



ci, c 2 > . 



(2.3) 



The transition boundary 
by the conditions 



4-1 



cic 2 



= 2 may be split into two different cases 



Cl + c 2 

h - c 2 | 



1 

1 . 



(2.4) 
(2.5) 



The spectral properties of J in the case (12.41) can be revealed by means of 
the asymptotic techniques used in [2H] and Subordinacy theory [13], [22] . The 
conclusion is that, for a G (0,1) and all Ci,c 2 satisfying (12. 3p and (12.41) . the 
spectrum of J is absolutely continuous on IR + and discrete on M_ (see Figure [2]). 
One excludes the possibility of accumulation points in the pure point part of 
the spectrum by repeating the reasoning of [28J which relies on estimates of the 
quadratic form of J and a theorem due to Glazman [T4J Sec. 3 Thm. 6]. We 
draw the reader's attention to the fact that in the case a — 1, with ci, c 2 such 
that (12.31) and (12.41) holds, the spectrum of J is purely absolutely continuous on 
(±,+00) and discrete on (0, ±) [28, Cor. 3.4]. 

c „ Case given by (|2.5p 




ff(i)nl_ = a a . c .(J)7 
a(J)nM + =a dlsc (J)l 
a disc(J) is unbounded? 



Figure 2: Transition edges 



The asymptotic analysis of fll.2jl will be based on a modification of Kel- 
ley's method for computing asymptotic approximations to solutions of differ- 
ence equations. The starting point is the following elementary assertion by 
which we derive from (II. 2p Poincare type equations (cf. [TTJ Sec. 8.2] and the 
original works [2H [25]) with smooth in n coefficients. An analogous assertion 
can be found in |28|. 
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Lemma 2.1. Let {6 n }^ 1 C R+ and {g n }^L 1 C R. Assume that there is a 
number N G N and a sei J C R such that q2 n $ I for all n > N . For n > N 
and A G J, define 

(g2n+2 — A)&2n (°2n+l ~ A)(g2n+2 ~ A) &2n+l 

(°2n — A)&2n+1^2n+2 &2n+l&2n+2 ^2n+2 g^j 

(°2n+2 — A)6 2 n-l&2n 
(a 2 n — A)62n+l&2n.+2 ' 

TTien, /or X E I, the sequence {/n(A)}J£L 2 iv satisfies U.ty) for n > 2N iff the 
sequences {x n (X)}™ =N and {y n (X)}n=N Q iven b V 

XnW :=/ 2 n+i(A), |/„(A) := /2n(A) , Ag/ (2.7) 

satisfy the following Poincare type equations 

x n+1 {\) + F n (X)x n (X) + G n (X)x n ^{X) = , A G / , n > N , (2.8) 
2/n+1 (A) + F„_i(A)y n (A)+G n _i(A) 2/n _ 1 (A) = 0, AG/, n>iV. (2.9) 

and t/ie conditions 



F n (X) := 
G n (X) : = 



&2n-2?/n-l(A) + g 2 n-l^n-l(A) + &2n-l?/n(A) = Ax„_i(A) (2.10) 

(A) + g 2n n n (A) + (A) = An n (A) , (2.11) 

/or all n > N. 

Proof. Write down (11. 2p with n = 2n, 2n + 1, 2n + 2. From the equations with 
n = 2n + 1, 2n + 2 express /271(A) in terms of /2 n +i(A) and / 2n+3 (A). Substitute 
this into the equation with n = In. It is now straightforward to verify that 
{x n (X)} satisfies (12.81) Analogously, one proves that {y n (A)} satisfies (12. 9p by 
considering (11.21) for n = 2n — l,2n, 2n + 1, then expressing / 2n -i(A) through 
/ 2 n(A) and /2n+2(A) and substituting this into the equation with n — 2n — 1. □ 

The sequences {F n (X)}, {G n (X)} will be called the Poincare coefficients. 

Remark 1. Let / be any bounded interval of R + . If the sequences {b n } and 
{q n } are given by (12.11) then the conditions of Lemma [2. II are satisfied once we 
choose a natural number N > ( sup p — . 

Remark 2. Note that the Poincare coefficients defined in (I2.6P are smooth in n 
when the sequences {b n } and {q n } are given by (12.11) and (12.51) . Of course, one 
could have obtained directly from ( 11. 2ft a single Poincare type equation, but, 
for our choice of {b n } and {q n }, the corresponding Poincare coefficients would 
not have been smooth in n. 
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Remark 3. Any solution {f n (X)}^ =l of the three term recurrence equation 
( 11. 2ft is uniquely determined by any two consecutive elements of the sequence 
{/ n (A)}^ =1 foreachA. The same is true for solutions {x n (A)}^L^r and {?/ n (A)}^Ljy 
of (12. 8p and (12. 9p . respectively. Moreover, assuming that iV 6 N and J C R 
satisfy the conditions of Lemma 12.11 it is easy to show from (12. lip that two 
consecutive elements of {x n (X) = f'2n+i}^=N uniquely determine any solution 
{/n(A)KT =2JV+1 of (JUD forn > 2N + 1. 

The following straightforward assertion shows how to obtain a Riccati dif- 
ference equation from a Poincare type equation. 

Lemma 2.2. Consider A2.8\) with arbitrary coefficients {F n (X)}, {G n (X)} de- 
pending on a parameter Xel. Let us suppose that one can find a natural 
number N such that 

x n (X)^0, Xel, n>N-l 
F n (X)^0, Xel, n>N-l. 

For n > N and Xel define new coefficients 

^w-^TO- 1 " (2 ' 12) 

and a new variable 

Xn(X) :- : 2 ^ -l. (2.13) 

Then, {x n (A)}^L Ar satisfies l\2.8\) for n > N and X G I iff the new sequence 
{X n (X)}^ =N satisfies the Riccati difference equation 

X n (X) = (1 + fl»(A)) y Xn ; 1 x ( , A ? : ~ fl>(A) , Xel, n>N. (2.14) 

Proof. Consider the sequence {£n(A)}£l/v> whose elements are given by 

e„(A) := x n {X) J] — AG/ (2.15) 

k=N-l k ^ ' 

Substituting this expression into ( 12.81) for n > N (cf. [HI Sec. 8.5]) , one arrives 
at 

£ n+1 (A) - 2£ n (A) + ^ (A) a ^ n-i(A) = , AG/,n>iV. (2.16) 

Taking into account that X n (X) = — 1, one easily obtains that (I2.16P is 

equivalent to (127HD (cf. [21]). □ 
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Remark 4. Let {b n }, {q n } be defined by (12.11) . On the basis of Remark [T] one 
may consider (123) . with {F n (X}} and {G n (X}} given by flU), for JVi > (sup ^ )Va 
and / being a bounded interval of IR + . If (12.51) holds and there is N 2 > iVj such 
that x n (A) for all n> N 2 and A G /, then the conditions of Lemma [2.21 are 
satisfied for a certain N > N 2 . This follows straightforwardly from the uniform 
asymptotic formula (IA.1I) for {F„(A)} as n — ► oo. 

We shall use the following elementary but important results. They are the 
uniform counterparts of [21], Thm. 1] and [2TI Thm. 2] . 

Proposition 2.1. Let I be a subset of K. Suppose that one can find N G N 
and rea/ sequences {v n {^)} and {w n (X)} such that 

infWA)>-l, n>iV (2.17) 

w N {\)>v N (\), A el, (2.18) 

and, /or a// n > N , 

0<l+/3 n (A), AG/ (2.19) 

tfl^ i^P -W, Ae/ (2.20) 

w n (A) > — ttt Pn(A), AG/. (2.21) 

1 + w„_i(A) 

Suppose that {X n (A)}^ =JV satisfies \2.1$ for n > N and A G /. Moreover, let 
X N (X) G [v n (A), (A)] /or a// A G /, £/ien 

^n(A) < X n (A) < w n (A) , n>N, A 6 J. 

Proof. The statement follows straightforwardly from the proof of [211 Thm. 1] . 
Here we repeat almost verbatim the proof of [21| Thm. 1] , but consider all the 
sequences to be depending on the parameter A G /. 
Let n > N and suppose that 

Un-i(A) < AVx(A) < tt> n -i(A) , AG/ (2.22) 

where {X n (A)} is a solution of (12.141) . and {v n (X}} and {w n (X)} satisfy (12.201) 
and (12. 21 j) . respectively. Due to (12.171) . we have by simple algebraic calculations 
that, for any A G /, 

v n -i(\) AT n _i(A) ^n-i(A) 



l + «„_i(A) ~ l+X n _i(A) ~ l + w n _ x (A)' 
Multiplying these inequalities by 1 + /3 n (A), we obtain in virtue of (12.191) . 
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and flZZH , that 

«n(A) <X n (A) < w n {\), Xel. 
The proof is completed by induction. □ 

Note that inside the proof of the previous proposition we justified that 
v n {X) < w n (X) for all n > N. 

We shall use Proposition 12.11 to obtain the uniform asymptotics of an in- 
creasing solution of the Riccati difference equation (12.141) . To obtain a uniform 
asymptotic expansion for a decreasing solution of (j2.14j) . one has to use the 
following result. 

Proposition 2.2. Let I be a subset of M. Suppose that one can find N £ N 
and real sequences {v n {X)} and {w n (X)} such that 

v n (X)>w n (X), Xel, n>N, (2.23) 
sup \v n (X) \ , sup < 1 , (2.24) 

n>N n>N 



oo 

n=N 



and {2J$) - {K21\) hold for n > N. Then [21$ has a solution {X n (X)} 
satisfying 

v n {X) > X n {X) > w n (X) , n > N , Xel. (2.25) 

Proof. The proof of this assertion follows the proof of [211 Thm. 2] , taking into 
account the dependence on A £ I. 

Let us fix a natural number s > N and define 

X n>s (X) := w n (X) , n>s. (2.26) 

By using recurrently the formula 

x - m(a) - i-x n , s (x) ' (2 - 27) 

for n = s, s — 1, . . . , N + 1, one defines X„ jS (A) for all n > N. Clearly the 
sequence {X ntS (X)} ( ^ =N satisfies (I2.14p for iV < n < s. 
The inequalities (T2T2Q]) and fl2T24l) imply 

mw V n (X) +P n (X) 

Vn-i{X)>— tt^, n>N. (2.28) 

1 - v n (X) 

Analogously, from (12.211) and (12. 241) . one obtains 

^n-i(A) < — ttt — , A£i, n>N. (2.29) 

1 - w n {X) 
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It follows from (E2ZD, fT2~28D . and (12T291) that 



w n {\) < X n>s (X) < v n (X) , Xel, (2.30) 

for N < n < s. But, due to (J22SD and (|2^3j) . the inequality (jZHD actually 
holds for n > N. 

Now, fix a natural number n> N and consider the sequence {X n)S (A)}^L So , 
with so > iV. On the basis of (I2.29p . it can be verified that {X rLtS (X)}'^ =So is 
a monotone non-decreasing function and, by (12.301) . it is bounded from above. 
Then the sequence has a limit that we denote by X n (X). This can be done for 
any n > N. Thus, we have constructed a sequence {X n (X)}^ =N which satisfies 
(gZEH) and is such that (J225D holds. □ 



3. Formal asymptotic analysis of the Riccati equation 

In this section we present a heuristic approach for obtaining formal asymp- 
totic expansions of solutions of the Riccati difference equation ( 12.141) . The 
asymptotics is constructed term by term beginning from the leading one. The 
algorithm given below may be iterated multiple times until the desired preci- 
sion. We remark that in this section there will not be proofs for our asymptotic 
formulae. Nevertheless, one may adapt our heuristic to prove pointwise, with 
respect to A, asymptotic expansions. We are not interested in this pointwise 
asymptotics since our approach will yield a stronger result. 

Clearly, (I2.14p can be written as follows 

X n (X) + X n (A)X„_!(A) = X n _i(A) - f3 n {X) (3.1) 

This is the starting point of the algorithm and the first step is to find the 
leading term of the asymptotic expansion as n — > oo of {X n (X)}. To this end 
we assume that the sequence {X n (X)} tend to as n — > oo and that it is smooth 
with respect to n. Then the leading term satisfies the relation 

X n (X) + Xl(X) = X n (X) - (3 n (X) . (3.2) 

Therefore the main term of the asymptotic formula of {X n (A)} coincides with 
that of the asymptotic expansion of {±a/— (3 n (X)}. The next terms of the 
expansion may be found by introducing a rectifying sequence {t n {X)} such that 

Xl(X) = -(3 n (X)+t n (X). (3.3) 

Expressing fl n (X) through X n (X) and t n (A) from (13.31) and substituting it into 
(13. ip . one obtains the exact equation 

t n (X) = (X n (X) - 1)(X„(A) - X n _x(A)) . (3.4) 
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Since /3 n (X) — > for each A, the leading term of {t n (X)} is given by the leading 
term of {± (v C A?A) - ^-A^A)) }. 

For {(3 n {\)} given by (12321) with {&„}, {g n } defined by (EH]) and fl23|) . 
we show in Appendix [B] that the uniform asymptotic expansion of {/3 n (A)} as 
n — > oo, when A > 0, obeys formula ( IB. 31) . Thus, by the elementary relation 

n s - (n-l) s = sn s ~ l + 0(n s ~ 2 ) as n -> oo , s6l, (3.5) 

one easily concludes that for each A > 

U\) = J\?—n- 1 - a/2 + o(n- 1 - a/2 ), as n -> oo . 

V C 1 C 2 

We have, therefore, found without proving that for each A > 

X n (A) = ± v / -/3n(A) + + o(n _1 ) , as n -> oo . (3.6) 

An 

To improve the precision of the previous uniform asymptotic formula one may 
carry out a second iteration of our heuristic reasoning. To this end one intro- 
duces a second rectifying sequence {u n (\)} such that 

X 2 n {\) = -(3 n {\) + JA— B" 1 -"/ 2 + U n {\) 
V C lC2 

and repeats what was done before to find an expression for t n (A), namely, 
one expresses (3 n {\) through X n (\) and u n (X) from the equation above and 
substitutes it into (13. ip . 

For the purpose of the present work, the precision formally obtained by the 
first iteration is sufficient. We remind that our formal asymptotic expansion 
will be used only to find the structure of the majorant and minorant sequences 
which are fundamental for our uniform asymptotic method. 



4. Uniform asymptotic analysis of the Riccati equation: 

the modified Kelley method 

This section is devoted to the uniform asymptotic analysis of the solutions of 
the Riccati equation (12.141) . To this end, we construct the majorant and mino- 
rant sequences of Propositions 12.11 and 12.21 The formal asymptotics (13.61) found 
in the previous section and the uniform asymptotic behavior of the sequence 
{/? n (A)}, given in (IB.3j) . will be at the basis of our considerations. 



After reminding the reader on the convention H] of our notation given in 
Section [2J let us consider the following simple and straightforward lemmas. 



13 



Lemma 4.1. Let ipo(\) be a uniformly positive and bounded function defined 
on I C M, i. e., 

inf^o(A)>0, supV'o(A) < oo . (4.1) 

Let < p < 1 and MgN. Suppose that there is a real sequence {(p n (\)} having 
the following asymptotic behavior as n — > oo 

M 

^n(A) = Yl V»fc(A)n-* + 5> (rT^ 1 ) , AG/, (4.2) 

fc=0 

where ipkW is bounded for k = 1, . . . , M and p = s < s k < p + 1. Then, for 
any fixed constants A ± obeying 

A + < V -<A-, (4.3) 

there exists N G N stxc/i £/iat i/ie sequences {v^(X)}^ =N given by 

v±(\):=±ip n (\)+A ± n-\ AG J, (4.4) 

<(A)(l + ^_i(A))<^-i(A)+^(A), n>iV, AG/. (4.5) 

Proof. By substituting ( 14.41) into ( 14. 5ft . one can show that there is a sequence 
{Cn(A)} such that the inequality (14. 5ft for {f^~(A)} is reduced to 

A + ( + ^) < fefc(A) - 1) (^(A) - </? n _i(A)) + Cn(A) , 

\ n n — 1 J 

where Cn(A) = 0/(n~ 2 ) as n — ► oo. We allow ourselves to write instead of the 
previous inequality that as n — > oo 

A + f^I^i + ^) < ( ^ (A) _ i) (<^ n (A) - ^(A)) + Oz K 2 ) , (4.6) 
\ n n — 1 / 

hoping that it will not lead to misunderstanding. 

Using (I3.5p . one easily obtains the uniform asymptotics 

(p n (X) - v?n-i(A) = -pVo(A)n -p-1 + dj (™~ p_1 ) , as n -> oo , (4.7) 

and then one verifies, after elementary calculations, that (14.61) may be reduced 
to 

^o(A) (2A + -p) < oj(l) , as n -> oo , (4.8) 
for a suitable 5/ (1) sequence. In view of (14. 8 j) and the strict positivity of V'o(A) 
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for A G I, the first inequality in (14.31) . that is A + < |, ensures the existence of 
N 1 G N such that {v+(X}} fulfills (jS]) for n > Note that JVi depends on 
what constant A + satisfying the first inequality in (14. 3[) has been chosen. 

Let us now consider (14. 5 p for {v~(\)}. Calculations analogous to that lead- 
ing to (14.61) here yield that (14.51) is reduced to 



A' [ + ^ ) > MA) + 1) (^n-l(A) - <p B (A)) + Oj ( 



as n —>■ oo. This inequality holds if and only if, for A G /, 

V>o(A) (2A~ -p) > o/(l) , as n^oo. (4.9) 

From (14. 9 p one concludes that, when the second inequality in (14.31) holds, that is 
A~ > |, there is a number N 2 such that {v~(\)} satisfies (14 .5p for n > N 2 . The 
number N 2 depends on the constant A~ chosen to satisfy the second inequality 
in (14.31) . The proof is complete by setting iV = max{A^ 1; iV 2 }. □ 

Lemma 4.2. Let the conditions on ^(A) for k — 0, 1, . . . , M and {<^ n (A)} of 
Lemma\4-1\ be satisfied. Then, for any fixed constants B ± obeying 



B-< V -<B + , (4.10) 

there exists N e N such that the sequences {w^(X)}^L N given by 

w±(\):=± Vn (\) + B ± n-\ AG/, (4.11) 

satisfy 

«;±(A)(l + ^±_i(A))>^ti(A) + ^(A), n>N, AG/. (4.12) 
Proof. The proof repeats the reasoning of that of Lemma 14. 1[ □ 

We draw the reader's attention to the following. First, in (I4.4p and (14.111) 
we have reproduced the structure of the formal asymptotics of solutions of 
the Riccati equation (13.61) . Second, if the asymptotic expansion of {^ n (A)} had 
been given in a less precise form than (14.21) , it would not have been sufficient for 
proving that (14. 7p holds true and, then, for proving the assertions of Lemmas 14. II 
and 14.21 Note that, for obtaining a condition on A + , the order of the leading 
term in the right-hand side of (14 .6p must coincide with that of the left-hand 
side. The expansion (14. 7p ensures this, but for (14 .7p to hold, one needs to know 
that all terms of the asymptotic expansion of {(p n (\)} are "differentiable with 
respect to n" up to the precision indicated by (14.21) . Clearly, it is not important 
to know the concrete form of the functions "^(A), k = 0,1, ... ,M as long as 
they satisfy the conditions of Lemmas 14.11 and 14.21 
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Bellow we shall show that the majorant and minorant sequences referred 
at the beginning of this section are constructed from the sequences {f^(A)}, 
{w^(X}} under the assumption that 

<PnW = V-Pn(\). (4-13) 

Thus, (14 .2p shows how precise our calculations of the asymptotic expansion 
of {/3 n (A)}, and consequently of the Poincare coefficients, should be. Note 
that, by considering the remark at the end of the previous paragraph, we are 
not concerned with the concrete form of the corresponding functions ^(A), 
k = 1, . . . , M, stemming from (14.131) . 

Lemma 4.3. Let j\2. 2\) and j\2.3\) hold and let {(3 n (X)} have the asymptotic 
behavior given by liB.3\) . Suppose that and obey fl^.jj ) and ^.IQj ). Then, 
for any bounded subset I C K+ separated from zero, the sequences {t>+(A)}, 
{w+(A)} and {f^(A)} ; {w~(\)}, given by \4-4\ ) an d U-H\ ) with h4-13\ ), satisfy 



the conditions of Propositions [Ol and \2~2\ respectively. 
Proof. First note that (IB. 31) implies the existence of n\ G N such that 

inf{l + v±(A)} > 0, inf{l + w±(A)} >0, n > n x . (4.14) 

Thus, ( 12.171) holds for n > n\. 

Now, in view of the asymptotic expansion (IB. 31) . the sequence {ip n (X)} sat- 
isfies the conditions required by Lemmas 14.11 and 14.21 Indeed, on the one hand, 
the condition on p holds due to (12.21) since p = | . On the other hand, a simple 
computation shows that 




^o(A) = WA , AG/. 



Thus, taking into account that the bounded set / C M+ is separated from zero, 
( 12. 3p implies that ipo(X) satisfies (14. ip . The conditions on "0k (A), k — 1, . . . , M, 
are easily verified. 

By Lemmas 14.11 and 14.21 there is a natural number n 2 > nx such that 

v±(\){l + vtiW) <^ti(A)-/3„(A), n>n 2l Ag/, (4.15) 
w±(\){l+wtiW) > wtiW ~ PnW , n>n 2 , AG/. (4.16) 

Due to (14.141) . the inequalities (14.151) and (I4.16P are, respectively, equivalent to 
(I2.20p and (I2.2ip for n > n 2 . On the other hand, (1B.3|) implies the fulfilment 
of ( 12. 191) for some ^3 independent of A. We choose n% > n 2 . After observing 
that v£ 3 (\) < w^ 3 (X) for all A G /, one can conclude that {f,[(A)} and {w^(\)} 
satisfy the conditions of Proposition 12.11 with N = n^. 
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On the basis of ( IB. 31) . one easily concludes that there is n 4 e N such that 
{v~(X}} and {w~(X}} satisfy (12.231) and ( 12.24(1 . respectively, for n > n<±. Since 
(12. 18(1 (12.20(1 are also fulfilled for some n$ > n 4 , one verifies that {v~(X)} and 
{w~(X)} obey the conditions of Proposition 12.21 with N = n 5 . □ 

The following result gives the uniform asymptotics of solutions of the Riccati 
equation (12TT4D . 

Theorem 4.1. Let ( fjg.jSp and $2.3\) hold, and suppose that {(3 n (X)} has the 
asymptotic behavior given by /IB.3\) . Then, for any bounded set I C IR+ separated 
from zero, there is N G N such that there are solutions {X^(X)}^L N of \2.1J$ 
for n> N having the following asymptotic behavior 

X±(\) = ± v / -/3n(A) + 6i (n- 1 ) asn^oo. (4.17) 

Proof. Consider the sequences {v^(X)} and {w^(X)} given by (14.41) and (14. lip . 
By Lemma 14.31 and Proposition 12.11 there is a constant iV\ e N and a solution 
{X+(A)} of (gUD such that, for all A G /, 

«+(A) < X+(X) < w+(X) , n>N x . 

Due to (H3D and (ICTD 

w+{X)-v+{X) = {B+-A+)n-\ 

Similarly, by Lemma I4T31 and Proposition ^. 21 one can find -/V 2 G M and a solution 
{X~(X)} of (gUD such that for all A G / 

v-(X) > Xf(A) > w-(X) , n>iV 2 . 

The proof is complete by noting that 

v-(X)-w-(X) = (A--B-)n- 1 

and setting iV = max{A^!, A^" 2 }. □ 

5. Uniform asymptotics of the generalized eigenvectors 

The results of the previous section allow us to obtain the uniform asymptotic 
behavior of the generalized eigenvectors corresponding to the family of Jacobi 
matrices J(ci, c 2 ) introduced in Sectional Our results are restricted to the case 
given by ( 12. 3j) and ( 12.51) and illustrated in Figure El 

We begin by finding the asymptotic behavior of the solutions of the Poincare 
type equation (12.81) . 
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Theorem 5.1. Let {q n }n=i and {b n }n=i be defined by [2l\) with ( fl~g| ). ( HO) and 
Also let I be any bounded subset o/M + separated from zero. Then, there 
is N G N such that there are solutions {x^(X)}'^L N of 112. 8\) for n > N, with 
{F n (X)} and {G n (\)} given by h2. 6\) . having the following uniform asymptotic 
behavior as n — > oo 



x±{\) = exp 



A 



ClC 2 



1 - - 

2 



-n 2 



+ Oj(n 



l-a\ 



(5.1) 



Proof. Since (I2.2p and (I2.5P hold, the asymptotic expansion of {F n (X}} is given 
by (1A.1I) . This implies that there is Ni G N such that the conditions of Lemma 
12.21 are satisfied (see Remark H]). Then the solutions of (12. 8p are given by the 
solutions of (12.141) for n > Ai and x n (\) ^ 0. According to (12.131) . the sequence 
{%n{X)}n=Ni satisfies 

^ r = (-l)^-(l + X n (A)), n>N u 

where {-^(A)}^^ is a solution of (12.141) and x„(A) ^ for n > N±. Hence, 

n-l 



x n (X) = x Nl (X)(-l) n ^ ]"[ 



fe=iVi 



;i+^(a)) 



(5.2) 



with xat x (A) 7^ for A G /. Let us find the asymptotic behavior of the product. 
We assume that A^ > Ni is such that 

sup |F n (A) - 2| < - , sup|X n (A)| < ^ n>N 2 



This can be done by virtue of flA.lj) and (I4.17P taking into account f)B.3[) . 
We have 



n-l 

n 

k=N 2 



n-l 



-Pfe(A) . ^fc(A) 



\k=N 2 



On the basis of (lA.ll) . one verifies that 



n-l 



n-^fe(A) ?r , 

— — = expO / (n ) 



k=N 2 



as n — > oo 



(5.3) 



On the other hand, by 02. 2p . (I2.3I) and (I2.5I) . the asymptotic expansion (IB. 3D 
holds and the conditions of Theorem I4.1l are met. Thus, there is A3 > A2 such 



18 



that (EUD has solutions (14T7I) for n > N 3 . Now, in view of gU Sec. 2], 
n-l / n-l s / -.y-i \ 

n c 1 + x ^ a )) = ex p e e ( x ^ a )) j > ^ 

fc=7V 3 \fc=AT 3 j=l ^ / 

where K n (\) — > i^(A) > if > 0, as n —>■ oo, and s has been chosen so that 

sup Ag/ X]fcLAf 3 (^fc = (-^)) S+1 < 00 • We can always find such s in view of (I4.17P and 
( IB. 31) . Straightforward computations yield the following asymptotic behavior 

n-l 

n (1+ XkW) = ex p ( ± Y-g 2 nl ~ f + ] > as n -> °° • 

fc=iV 3 \ 

For the proof to be complete, set A/" := A3. □ 

Remark 5. We could have obtained a more precise asymptotic formula than 
(15. ip . This may be done by using an asymptotic expansion of {/3 n (A)} more 
precise than flB.3j) and refining the results of Section HI However, for our goal, 




the precision of the asymptotics (15. ip is sufficient. 

Corollary 5.1. Let {q n }n=i and {M~=i be defined by (OOP with t£2}) . / TO) 
and 112. 5\) . Suppose that I is a bounded subset o/R+ separated from zero. Then, 
there is N G N such that there are linearly independent solutions {fn{^)}^=N 
of M.2\) for n > N having the following uniform asymptotic behavior as n — > 00 




fnW = exp \±j^n^ + Oj(n l -)\ . (5.5) 

Proof. By Remark [3], the solution {a;+(A)}, respectively {x~(X}}, of (12.81) found 
in Theorem 15.11 determines uniquely a solution {^(A)}, respectively {^(A)}, 
of (12.91) . By (12. lip we have the following asymptotic formula as n — > 00 




y±(A) = exp I ±JL_^.„i-f + Qjin 1 - ' ' 



The solutions of 111. 2ft for n > N are obtained from the sequences {a?„(A)} 
and {y^(A)} by means of (12.71) . Clearly, {/^(A)} and {/^(A)} are linearly 
independent and every solution of 111 ,2p . for n > N, is a linear combination of 
these sequences. □ 

Remark 6. The solutions {/±(A)}~ =JV of (JH2J for n > N given by Corol- 
lary EH] may be extended by Remark [3] to sequences {/« (A)KJLi being linearly 
independent solutions of fll.2p for n > 1. All solutions of (11.21) for n > 1 are 
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linear combinations of {/rf (A)}5£L 1; in particular, the generalized eigenvectors 
of J (see the Introduction). 

Corollary 5.2. Let {q n }n=i an d {b n }n=i be defined by $2J\) with fOj) . / TO) 
and ( fi?.<51) . Suppose that I is a bounded subset of IR + separated from zero and 
that A G o- pp (J) fl /. T/ien t/ie sequence 

n=l > 

where {fn(^)}w=i is the sequence given in Remark® is the eigenvector of J 
corresponding to Ao- Moreover, there is a uniformly separated from zero and 
bounded function 

C : a pp (J) n / -> R 

such that 

/:(A)=C(A)/-(A), Aea w (J)n/, (5.6) 

where {/^(A)} zs £/ie sequence of orthogonal polynomials of the first kind asso- 
ciated to J (see the Introduction). 

Proof Consider equation (jl.2p . Assign /*(A) := 1 for all A and /|(A) := ^f 1 
By using recurrently (jl.2p . one defines the sequence {/^(A)}^ of orthogonal 
polynomials of the first kind associated with J. Clearly, evaluation of this 
sequence in A yields an eigenvector. 

Now, since A G c pp (X) the solution {fn(.^o)}^=i of fl 1.2ft is decaying and 
therefore it is equal to {/^(Ao)}^ modulo a constant factor. From this, one 
obtains the first assertion of the corollary and (15. 6p . The stated properties of 
the function C follow from the boundedness of /jJ(A) with respect to A 6 / for 
and fixed n, the asymptotic formula (15. 5j) . and the fact that C is independent 
of n. Indeed, fix a natural number n sufficiently large so that (15.5ft holds, then 
fnW is uniformly positive and bounded for A G I. Thus, by the boundedness 
of the polynomials of the first kind, we obtain that C is a uniformly separated 
from zero and bounded function for A belonging to c pp (J) fl I. 

Note that under our considerations the roots of the polynomial /^(A) for 
any sufficiently large n G N are not in a pp (J). □ 

6. Discrete spectrum 

The main results of the previous section indicate, among other things, that 
the sequence {/ n (A)}^^, given in Remark[6], is a subordinate solution |13l 122] 
of the recurrence equation (II. 2p for A G I, where {q n }^ =1 and {6 n }^L 1 are given 
by (ED), (E2D, (E3D, and J is a bounded subset of M+ separated from 

zero. Thus, by invoking [T3], [22] , we arrive at the following assertion. 

Theorem 6.1. Let the sequences {q n }^ =l and be given by \2. 1\) with 

\2.2S) . \2. 3\) . and $2.5\) . Then the spectrum of J in R + is pure point. 
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We expect the spectrum to be discrete in M, that is finite in J, on the 
grounds that the uniform estimate of the asymptotic remainder allows, "in 
some sense", to avoid dealing with the generalized eigenvector's tail. This very 
informal reasoning provides a clue to the problem of estimates for the number 
of eigenvalues, namely by recurring to [HJ Sec. 3 Thm. 6] . Below we show that 
this speculation on the discreteness of the spectrum is indeed true: we prove 
absence of accumulation points of o~ pp (J) in any closed bounded interval of K + . 
To this end we make use of a technique developed in [27J which, in its turn, 
relies on ideas put forth in [91 [12]. The main ingredients of this recipe are the 
uniform asymptotic formulae found in the previous section and Corollary 15.21 

We shall need the following auxiliary result. 

Lemma 6.1. For any closed bounded interval I of ~R + and any e > 0, there 
exists K e N such that 



sup 



EI/n(A)| 2 < e 



n=K 



where {f n (A)} is the sequence given in Remark® 

Proof. The assertion follows straightforwardly from the uniform asymptotics 
O. □ 

Theorem 6.2. Let the sequences {q n } and {b n } be given by K2. 1\) with A2.2\) , 
(TJOp and A2.5\) . Then the spectrum of J in R + is discrete, i. e., 



a (J) n 



o 'disci. J) n 



Proof. By Theorem 16.11 we know that the spectrum is pure point in any closed 
bounded interval I of M. + . Suppose that a( J) has a point of accumulation \x in 
the interior of I. Let A and A' (A ^ A') be arbitrarily chosen from o~(J) H V$(fi), 
where Vs(/j,) is a 5- neighborhood of /i, and 5 is so small that Vs(fi) C I. Of 
course, \i need not be itself an eigenvalue. 

For any K G N the following inequality holds 



Kr(A),r(A')k( 



> 



E/n(A)/ n *(A') 

71=1 

K 



> 



n=l 



n>K 



(6-1) 



where {/^(A)} is the sequence of polynomials of the first kind associated with 
J. 

Let us estimate the last term in the right hand side of (16.11) . To this end ex- 
press /*(A) and fn(X') through (|5.6p . Now, on the basis of Corollary l5.2[ namely 
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the boundedness of C, we verify that Lemma 16.11 and the Cauchy-Schwartz in- 
equality allow us to choose K independent of A, A' G I, so that 



E KWttM 



n>K 



1 

< 2- 



(6.2) 



Now, consider the first term in the right-hand side of (16.11) . We have 



A 



£/»(A)£M 



71=1 



> 



71=1 



A" 



E/n(A)(/*(A')-/ n *(A)) 



71=1 



> 1 



A 



E/n(A)(/*(A')-/*(A)) 



n=l 



(6.3) 



due to the fact that /* (A) = 1. Using the inequality |A' — A| < 25, which holds 
since A, A' G Vs(fi), one may write 



A 



n=l 



A 



< 



max ^ n (25)El/:(A)| 

Kn<K ■'— ' 



n=l 



where 



u n {25) = sup |/*(A0 - / n *(A)| 

A'-A|<2<5 

x',\ei 



is the modulus of continuity of /^(A) on /. Thus, by the uniform continuity of 
{/n(A)} and its uniform boundedness, which follows from the uniform continuity 
and the boundedness for a fixed A, one may take S sufficiently small so that 



E/n(A)(/*(A')-/*(A)) 



71=1 



1 



< 



(6.4) 



From dSHJ), flBT3|) and (JSHJ), we conclude that 

(r(A),r(A'))p ( M)> i-i-^ = o. 

If A and A' are in <r pp (J), it must be that /*(A) _L /*(A') since J = J*. This is 
in contradiction with the above inequality and thus with the accumulation of 
eigenvalues of J to \i. □ 

We conclude this section with the following comment. The proof of the 
spectrum's discreteness crucially relies not only on the uniform asymptotics of 
{/"(A)}, but also on the uniform continuity of the elements of {/^(A)}. Corol- 
lary [5^2] allows to properly "connect" this two solutions and take advantage of 
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the properties of each sequence. Note that this "proper connection" is possi- 
ble due to the fact that the asymptotic expansion of the decaying solution is 
uniformly separated from zero for A G / fl er pp (J) and all fixed sufficiently large 
fiGN. 

Appendix 



A. Asymptotics of the Poincare coefficients 

Let us study the asymptotic behavior of the sequences {F n (X)} and {G n (X)}, 
given by (12.61) . as n — > oo. We assume that the sequences {<7 n }£Li and {& n }J£Li 
given by (12. ip with (12.21) and (12. 5|) . Let I be any bounded interval of IR + . Take 
a natural number N > ( sup p 1 . As the definition of F n (X) requires, we have 
Q2n $ I as soon as n > N. 

Let us substitute the expression for {g n }^L 1 and {6 n }^ ( L 1 given by (12. ip into 
fr2T6|) . We then write 

F n (X) = -A n (X)-—B n (X) + -C n , Xel, n>N, 

C\ C\C2 C2 

where, for any X & I, n > N 

((2n + 2) a - X){2n) 2a 



A n (X) :-- 
B n (X) :-- 



((2n) Q - A)(2n + l) a (2n + 2) a 
((2n+ l) a - X)((2n + 2) a - X) 

(2n + l) a (2n + 2) a 
(2n + l) a 



n ' (2n + 2) a 

First we obtain asymptotic formulae for {A n (X)}, {B n (X)}, and {C n } separately. 

Since A is confined in the finite interval J, we have the following uniform 
asymptotic expansion 

1 1 / A A 2 ~ 

+ M „ + OAn-' ia ) ) , as n^oo. 



Using the fact that (2 [ 2 "L 2)a = 1 — I s - + 0(n 2 ) as n — > oo, one obtains 



(2n) a - X (2n) a \ (2n) a (2n) 2a 

(2n) 2 " = 1 _ 3q 

(2n+l) a (2n+2) a 2n 

. ... (2n + 2) Q -A/ A A 2 ~ . _ 3q A/ 3a ~, 
AJX) = - -, — i- 1 + - — — + - — rrr- + OAn ia ) 1 h OAn 

Hence, taking into account f ]2.2j) . one has 

A n (X) = 1 — - — h 0/(n a ) , as n -> oo . 
in 
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By observing that B n (X) = A n (X) y n ^L * ) {} ~ (2^)> one easil Y verifies 
that 

2A A 2 ~ 



Clearly, 



C n (A) = 1 h OOn 2 ) , as n — > oo . 

2n 



Thus, in view of ( 12. ip and ( 12. 5p . one concludes that, as n — > oo, 

2 _2a rv / 1 \ ~ 

F n (A) = 2 + An~ a X 2 n- 2a - - 1 + + C^rT 1 -") . (A.l) 

cic 2 cic 2 n V 2cic 2 J 

From the definition of G n (A) found in ( 12.61) . after substituting the expres- 
sions for for {q n }^ =1 and {b n }™ =1 given by (12. ip . one can easily verify that 

G n {X)=A n {X) [2n ~ ir 



(2n) a 

Thus 

G n (X) = 1 - 

n 



G n (X) = 1 - - + O^n^ 1 - ) as n -> oo . (A.2) 



B. Asymptotics of /? n (A) 

As in Appendix IA1 we assume that the sequences {<?n}$£Li and {b n \'^ =l are 
defined by ( 12.11) with (12.21) . (12.51) and I is any bounded interval of R + . Thus the 
uniform asymptotic expansions (lA.ip and (IA.20 hold true. By simple algebraic 
manipulations, one has 



z - - z ' 1 • 1 - 2 -2a 



F n (A)F n _i(A) =4 + An~ Q + 1 ) X 2 n 

C\C2 C\C2 \ C 1 C 2 



-^( 1 + 2^)-^ 3 "- 3 " + '("- 1 - < ")' 

as ti — > oo. On the basis of this result we find the asymptotic formula of 
4/(F n (A)F n _x(A)). Thus we pass on to the following expansion as n — > oo 

' 2ct i _ , 



=1 + 7i(A)n~ a + 72(A)n" ia + 73 (A)n 



F n (A)F n _!(A) ^ w (B.2) 

+ 74 (A)n- 3Q + / (n- 1 - a ), 

where 71(A), 72(A), 73(A), and 74(A) can be calculated explicitly by multiplying 
this last expression by F n (A)F n _i(A) and taking into account ( IB. If) . Thus, for 
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( IB. 21) to be true, it must be that 



nl—a 9— 2a / o \ 

7l (A) = A , 72(A) = + 1 A 2 , 

C\C 2 CiC 2 \CiC 2 J 

73(A) = a ( 1 + , 74(A) = -^—^ U + —— \ A 3 • 

V 2cic 2 / (c 2 c 2 ) 2 V C 1 C 2/ 

It remains to multiply (IB. 21) by G n (A), using ( 1A.2I) . and subtract 1 to conclude 
that the uniform asymptotic expansion as n — > 00 of {/3 n (A)}, given in (I2.12p . 
is 



/3„(A) = - —\n- a + — ( — + 1 A 2 n" 2Q + ^n" 1 



CiC 2 CiC 2 \ c l c 2 / 2cic 2 

2~ 3a f A , 



(B.3) 



3 + A d n~ da + Oj(n 



(cic 2 ) 2 V CiC 2/ 
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